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Abstract

A free jet of high Prandtl number ¯uid impinging perpendicularly on a solid substrate of ®nite thickness containing small discrete

heat sources on the opposite surface has been analyzed. Both solid and ¯uid regions have been modeled and solved as a conjugate

problem. Equations for the conservation of mass, momentum, and energy were solved taking into account the transport processes at

the solid±liquid and liquid±gas interfaces. The shape and location of the free surface (liquid±gas interface) was determined iteratively

as a part of the solution process by satisfying the kinematic condition as well as the balance of normal and shear forces at this

interface. The number of elements in the ¯uid and solid regions were determined from a systematic grid-independence study. A non-

uniform grid distribution was used to adequately capture large variations near the solid±¯uid interface. Computed results included

velocity, temperature, and pressure distributions in the ¯uid, and the local and average heat transfer coe�cients at the solid±¯uid

interface. Computations were carried out to investigate the in¯uence of di�erent operating parameters such as jet velocity, heat ¯ux,

plate thickness, and plate material. Numerical results were validated with available experimental data. It was found that the local

heat transfer coe�cient is maximum at the center of the disk and decreases gradually with radius as the ¯ow moves downstream. The

thickness of the disk as well as the location of discrete sources showed strong in¯uence on the maximum temperature and the

average heat transfer coe�cient. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Liquid jets can be classi®ed as submerged or free surface. A
submerged jet is formed when a liquid jet is discharged into the
same liquid medium. A free surface jet is formed when a liquid
jet is discharged into a gaseous (or di�erent liquid) medium.
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Notation

b thickness of the disk [m]
cp speci®c heat at constant pressure [kJ/kg K]
g acceleration due to gravity [m/s2]
h heat transfer coe�cient [W/m2 K]
Hn height of the nozzle from the disk [m]
k thermal conductivity [W/m K]
n coordinate normal to the free surface [m]
Nu Nusselt number �hr0=kf �
p pressure [Pa]
q heat ¯ux [W/m2]
q0 total heat transfer rate [W]
r radial coordinate [m]
rn radius of the nozzle [m]
r0 radius of the disk [m]
Re Reynolds number, 2rntj=mf

T temperature [K]
�T average temperature [K]
Tj jet temperature [K]
tj jet velocity [m/s]

tr radial velocity [m/s]
tt velocity along the free surface [m/s]
tz axial velocity [m/s]
z axial coordinate [m]

Greek
d liquid ®lm thickness [m]
l dynamic viscosity of ¯uid [kg/ms]
q density [kg/m3]
r surface tension coe�cient [N/m]

Subscripts
atm atmospheric condition
av average
f ¯uid
int solid±¯uid interface
s solid
w bottom of the disk
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A vast amount of literature exists on free surface as well as
submerged (including con®ned) jets. Examples of books and
review articles include Rajaratnam (1976), Martin (1977), Rodi
(1982) and Polat et al. (1989).

An interesting application of liquid jets impinging over a
surface is for the cooling of microelectronics. Wang et al.
(1990) applied a previously developed analytical solution to
predict the surface temperature and heat ¯ux distributions of a
chip cooled by a laminar impinging free surface FC-77 liquid
or water jet. A uniform heat ¯ux distribution at the heated
surface of the chip was assumed. They presented results for
two di�erent nozzle diameters. Wadsworth and Mudawar
(1990) performed an experiment to investigate single-phase
heat transfer from a simulated chip to a two-dimensional free
surface jet of dielectric ¯uid FC-72. They concluded that the
rectangular jets are well suited for the cooling of high power
density discrete heat sources. Scha�er et al. (1991) presented
the results of an experimental study measuring the average
heat transfer coe�cient for discrete sources located under a
liquid jet issuing from a rectangular slot. The experiment was
conducted for heat sources mounted on a channel (submerged
jet). Besserman et al. (1991) presented a numerical simulation
of an axisymmetric, laminar jet impingement cooling of a
circular heat source. The simulation includes the e�ect of the
discharge ¯uid when redirected 180° to an annular exit. Their
results demonstrated that the ¯ow is strongly in¯uenced by
two recirculation zones near the exit and at the corner of the
outside annulus. For nozzle parabolic velocity pro®le, the local
Nusselt number presented a maximum at the stagnation point.
Womac et al. (1993) obtained experimental data for liquid jet
impingement cooling of small square heat sources resembling
integrated circuit chips. Both free surface and submerged jet
con®guration were studied for a range of velocities, nozzle
diameters and nozzle-to-heater distance. Two di�erent liquids,
water and FC-77, were used as coolants. Womac et al. (1994)
carried out an experiment to investigate single-phase heat
transfer from a heat source to an array of free surface and
submerged jets. They found that for a constant volumetric ¯ow
rate, the heat transfer for submerged jets exceeded or were
approximately equal to those for the free surface jets. The
average heat transfer coe�cient increased with reduction in
nozzle diameter. Rice and Garimella (1994) reported an ex-
perimental study to determine the local heat transfer coe�cient
distribution for a submerged liquid jet impinging perpendicu-
larly on a small, square heat source simulating an electronic
cooling situation. They concluded that the local heat transfer
coe�cient at the stagnation point was independent of the
nozzle-to-plate distance for small nozzle diameters, and for
distances over 5 nozzle diameters the stagnation heat transfer
coe�cient decreased. Secondary peaks were observed as the
¯uid moved away from the stagnation point. Maddox and
Bar-Cohen (1994) carried out a study to help design a jet im-
pingement cooling system in attaining the targeted thermal
performance while considering the available liquid pressure,
liquid ¯ow rate, and pumping power, as well as jet plate
manufacturing and maintenance constraints. Garimella and
Rice (1995) experimentally investigated the local heat transfer
from a small heat source to a normally impinging axisym-
metric and submerged liquid jet, in con®ned and uncon®ned
con®gurations. Secondary peaks were more pronounced at
smaller (con®ned) spacings and large nozzle diameters for a
given Reynolds number. Correlations were presented for the
average heat transfer coe�cient and the Nusselt number.

From the above literature review, it appears that most jet
impingement cooling studies involving discrete heat sources
used either water or a ¯uorinert liquid as the cooling medium.
In addition, the variation of ¯uid properties with temperature
has not been taken into account in any previous numerical

work, and has been assumed to be negligible in most analytical
work. Although a poor heat transfer ¯uid, lubricating oil is an
attractive coolant for aircraft applications because it is gen-
erally in close proximity to the electrical generating equipment.
It is also pre-existing in the aircraft and therefore does not
require ¯ight quali®cation, new maintenance procedures, ad-
ditional inventory space and logistics procedures, or additional
environmental protection guidelines. These advantages trans-
late into greatly reduced operational costs, which may far
overweigh the loss in cooling e�ciency. Lubricating oils are
generally known for their high Prandtl number and strong
dependence of viscosity on temperature. Alternately, air-
cooling is generally inadequate or undesirable because of the
additional drag imposed by ram air heat exchangers. There-
fore, the investigation of jet impingement heat transfer for high
Prandtl number ¯uids taking into account the e�ects of
property variation with temperature is of great importance to
the military and commercial aircraft industry, and is expected
to be a valuable contribution to the state-of-the-art of jet im-
pingement cooling system design.

2. Mathematical model

Consider an axisymetric jet discharging from a nozzle and
impinging perpendicularly at the center of a solid circular disk
heated by discrete sources as shown in Fig. 1. If the ¯uid is
considered to be incompressible and its properties (density,
viscosity, thermal conductivity and speci®c heat) are depen-
dent on temperature, the equations describing the conservation
of mass, momentum and energy in cylindrical coordinates can
be written as (Burmeister, 1993):
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Fig. 1. Schematic of a free axial jet impinging over a ¯at disk.
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Considering variable thermal conductivity, the equation
describing the conservation of energy inside the solid can be
written as
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Eqs. (1)±(5) are subjected to the following boundary condi-
tions:
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Eq. (12) essentially indicate the kinematic condition, bal-
ance of normal forces, balance of shear forces, and adiabatic
condition at the free surface. These equations were derived
from more general equations presented by White (1999). It can
be noted that ``n'' indicates direction normal to the free sur-
face. The frictional resistance and heat transfer to the sur-
rounding gaseous medium have been assumed to be negligible.
In order to simulate di�erent positions of the discrete heat
sources, the total heat introduced was taken as constant and
the heat ¯ux for the discrete sources was changed according to
the total heated area. Fig. 2 demonstrates the boundary con-

dition at the bottom of the disk. For the base case, it can be
written as:
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The local heat transfer coe�cient can be de®ned as

h � qint
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The average heat transfer coe�cient is obtained according to
the following equation
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It can be noted that local heat transfer coe�cient h and
interfacial temperature Tint are both functions of radial loca-
tion r. �Tint is the average temperature at the solid±¯uid inter-
face. It was calculated by taking the linear average of
temperature from r � 0 to r � r0. The local Nusselt number
and the average Nusselt number are calculated according to
the following expressions:
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3. Computation and discussion of results

The governing equations along with the boundary condi-
tions described in Section 2 were solved by using the Galerkin
®nite element method (Fletcher, 1984). The dependent vari-
ables, i.e., velocity, pressure and temperature were interpolated
to a set of nodal points that de®ned the ®nite element. In each
element, the velocity, pressure and temperature ®elds were
approximated which led to a set of equations that de®ned the
continuum. The approach used to model the free surface was
to introduce a new degree of freedom at the nodes on the free
surface. This degree of freedom represented the position of the
free surface. The discretization of governing transport equa-
tions and boundary conditions was carried out using the
Galerkin formulation. The solution of the resulting algebraic

Fig. 2. Di�erent location of heat sources and their heat ¯ux

(q0 � 1:59 W).
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equations was carried out using the Newton±Raphson method.
Since the solution of the momentum equation required only
two out of the three boundary conditions at the free surface,
the third condition was used to update the position of the free
surface at the end of each iteration step.

Due to large number of iterations required to determine the
location of the free surface, the solution was carried out in two
steps. First, the computation in the ¯uid region was carried out
solving equations for the conservation of mass and momen-
tum; this resulted in the determination of the velocity ®eld and
the free surface height distribution. The drawback of this so-
lution is that because of no heat transfer, the ¯uid remained
isothermal, and therefore properties remained constant. This
approximate solution was used as the starting point for the
second level of computation where both solid and ¯uid regions
were included and equations for the conservation of mass,
momentum and energy were solved simultaneously as a con-
jugate problem taking into account the variation of properties
with temperature. This split level computation procedure
greatly reduced the run time for numerical computation. The
solution was considered converged when the ®eld values did
not change from one iteration to the next, and the sum of
residuals for each degree of freedom was less than 1E-08.
Except for comparison with Womac et al. (1993), the working
¯uid used for the present numerical simulation is MIL-7808, a

lubrication oil certi®ed for military aircraft. The relevant ¯uid
properties were calculated from the following correlating
equations which are valid for 303 K < T < 390 K:
cp � 903:8� 3:332T , k� 0.18ÿ1 ´ 10ÿ4T, q � 1181ÿ 0:708T
and l � 0:941ÿ 5:07� 10ÿ3T � 6:87� 10ÿ6T 2. The range of
Prandtl number encountered in the present investigation was
48±71. The range of variation of di�erent parameters were:
Re� 550±2200 and b� 0.000125±0.01 m. Three di�erent disk
materials and three di�erent heating arrangements were stud-
ied. This choice of parameters was essentially driven by ap-
plications and past studies of laminar jet impingement heat
transfer.

In order to determine the number of elements for accurate
numerical solution, computations were performed for several
combinations of number of elements in the radial and axial
directions covering the solid and ¯uid regions. The solid±¯uid
interface temperature for these simulations are plotted in
Fig. 3. It was observed that the numerical solution becomes
grid independent when the number of divisions in the radial
direction is increased over 28 and at least 36 divisions are used
in the axial direction. In order to have smooth variation of
transport quantities, 42� 36 divisions in the radial and axial
directions were chosen. The size of the elements was di�erent
in di�erent regions of the computation domain to accommo-
date steep velocity and temperature gradients.

Fig. 3. Interface temperature for di�erent number of elements in axial

and radial directions (Re� 1100, Tj � 348 K, b � 0:005 m,

Hn � 0:0085 m, rn � 0:00085 m, copper plate, qw � 63 kW/m2).

Table 1

Comparison between present simulation and Womac et al. (1993) (Tj � 310 K, b � 0:003 m, Hn � 0:0165 m)

Fluid Re TmaxÿTmin

Interface

Tmax

Interface

Nuav

Womac et al. (1993)

Nuav

Present study

Di�erence

(%)

FC-77 1200 0.084 322.6 181.0 189.0 4.4

Water 1465 0.186 312.9 199.0 197.0 1.0

Fig. 4. Free surface height distribution for di�erent Reynolds number

(Hn � 0:0085 m, rn � 0:00085 m).
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Fig. 6. Local Nusselt number variation for di�erent Reynolds number

(Tj � 348 K, b � 0:005 m, Hn � 0:0085 m, rn � 0:00085 m, copper

plate, qw � 63 kW/m2).

Fig. 7. Local Nusselt number variation for di�erent disk thickness

(Re� 550, Tj � 348 K, Hn � 0:0085 m, rn � 0:00085 m, constantan

plate, qw � 63 kW/m2).

Fig. 5. Temperature at the interface for di�erent Reynolds number

(Tj � 348 K, b � 0:000125 m, Hn � 0:0085 m, rn � 0:00085 m, copper

plate, qw � 63 kW/m2).

Fig. 8. Local Nusselt number variation for di�erent materials

(Re� 550, Tj � 348 K, b � 0:005 m, Hn � 0:0085 m, rn � 0:00085 m,

qw � 63 kW/m2).
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A comparison between the present numerical simulation
and the experimental data obtained by Womac et al. (1993) is
presented in Table 1. In order to carry out this comparison,
numerical simulations were performed using the appropriate
test ¯uids and heat ¯ux conditions used in the experiment. The
table shows a good agreement between the simulation and the
experimental data, with a maximum deviation of 4.4%. This
comparison validates the results obtained in the present in-
vestigation.

Fig. 4 presents the free surface height distribution for dif-
ferent Reynolds number when the jet strikes the center of the
disk. It can be seen that the ¯uid spreads radially as a thin ®lm.
For the conditions considered in the present investigation, the
¯ow was supercritical and a hydraulic jump did not occur
within the computation domain. It can be observed that the
minimum ®lm height occurs at a radius larger than the radius
of the nozzle and the ®lm height gradually increases with ra-
dius after that location. A smaller thickness is seen at larger
Reynolds number because of larger impingement velocity that
translates to a larger ¯uid velocity in the ®lm. From the plot of
velocity vectors, it was observed that, due to high viscosity of
the working ¯uid, the boundary layer develops rapidly and the
velocity of the ¯uid decreases as it spreads radially along the
disk.

The e�ect of Reynolds number on the temperature at the
interface is observed in Fig. 5. It can be seen that as Reynolds
number increases, the temperature at the interface decreases.
This is because of larger local ¯uid velocity, which results in

larger rate of heat transfer between the disk and the liquid. The
temperature is minimum at the stagnation point. As the ¯uid
moves downstream, the temperature increases. The location
where the ¯uid goes from the stagnation to boundary layer
region (transition region) is about r � rn. The temperature
distribution shows steeper slope at locations where the heat
sources are located, especially in the boundary layer region,
r > rn. It is important to notice that as the Reynolds number
increases, the maximum-to-minimum temperature di�erence
decreases, ranging from 9.4 to 7.9 K between Re of 550 and
1100. This is because of decreasing thermal resistance at the
solid±¯uid interface.

Fig. 6 presents the e�ect of Reynolds number on the local
Nusselt number. It is observed that the maximum is located at
the stagnation point. As the ¯uid goes through the stagnation
zone ( r6 0:002 m), the local heat transfer coe�cient decreases
rapidly. As the ¯uid reaches the location where the boundary
layer starts to develop, an almost uniform Nusselt number
zone is attained. After that point, the heat transfer coe�cient
continues to decrease until reaching the edge of the disk,
presenting the pattern of an external ¯ow over a ¯at surface.
As the ¯uid moves over the last heat source, the heat transfer
coe�cient slightly increases. This phenomenon was observed
in previous studies by Wolf et al. (1990) and Vader et al.
(1991). The rise of heat transfer coe�cient near the outer edge
of the disk is possibly due to transition to turbulence. It should
be noted, however, that for the conditions considered in the
present investigation, a fully turbulent ¯ow regime could not

Fig. 9. Interface temperature di�erence and maximum temperature

variation with disk thickness (base case, Re� 550, Tj � 348 K,

Hn � 0:0085 m,rn � 0:00085 m, qw � 63 kW/m2).

Fig. 10. Average Nusselt number variation with disk thickness for

di�erent materials (base case, Re� 550, Tj � 348 K, Hn � 0:0085 m,

rn � 0:00085 m, qw � 63 kW/m2).
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be attained. It is important to note that there is a heat source
located exactly under the stagnation zone (base case). It can be
noted that the maximum (located at the stagnation point), the
average, and the uniform zone (attained at the beginning of the
boundary layer region) of Nusselt number increase with Rey-
nolds number. The uniform zone appears at the position where
the ¯uid has its minimum thickness and maximum velocity
over the plate and this is the reason for the enhancement of the
heat transfer process at that location. It can also be associated
with the transition of ¯ow from stagnation to boundary layer
zone.

Fig. 7 presents the local and average Nusselt number for
di�erent disk thicknesses. It is important to notice that the
main di�erences are present at the stagnation region, and as
soon as the ¯uid gets into the boundary layer region, the dis-
tributions of Nusselt number for di�erent thickness get close to
each other. As the thickness of the disk increases, the tem-
perature distribution at the solid±¯uid interface becomes more
uniform due to thermal spreading by radial conduction.
Therefore, the heat transfer coe�cient at the center of the disk
decreases. It is noticed that the average Nusselt number in-
creases as the disk thickness increases and reaches a maximum
value around 0.00125 m. After this point, the average Nusselt
number presents a decreasing trend.

The numerical simulation was carried out for three di�erent
disk materials, namely copper, constantan and silicon. Both
copper and constantan have been used in previous experi-
mental studies on jet impingement cooling. Silicon was chosen
because of its application in electronics fabrication. Fig. 8
shows that the local Nusselt number increases with decrease of
thermal conductivity of the disk material. A small di�erence is

seen between copper and silicon because kcopper � 2:6 ksilicon,
whereas a somewhat larger di�erence is seen between copper
and constantan because of kcopper � 17 kconstantan. It can be
noticed that at large radial locations, the Nusselt number for
the di�erent materials practically match each other. The reason
why a material with a lower thermal conductivity achieves a
higher average Nusselt number lies speci®cally in its inability
to conduct heat. It produces a lower temperature at the stag-
nation region that re¯ects as a higher heat transfer coe�cient.
At the boundary layer region, the di�erence in temperature for
di�erent materials is not signi®cant and the values get closer all
the way to the edge of the disk. The local Nusselt number at
the center of the disk for di�erent materials were compared
with the stagnation Nusselt number correlation developed by
Hrycak (1983). It was found that the numerical predictions are
within 5±8% of this experimental correlation.

Fig. 9 presents the maximum temperature as well as the
di�erence between the maximum and minimum temperature at
the interface, and the maximum temperature inside the solid
for the three di�erent disk materials and di�erent disk thick-
nesses. The control of these temperatures is crucial in the de-
sign of electronic packages. It may be noticed that the
maximum temperature at the interface decreases with in-
creasing thickness when b < 0:005 m, b < 0:00375 m, and
b < 0:00125 m, for constantan, silicon and copper respectively,
whereas remains almost constant thereafter. The maximum
temperature inside the solid has an interesting behavior. It
decreases as the disk thickness increases when b < 0:00125 m,
b < 0:002 m, and b < 0:0025 m, for constantan, silicon, and
copper respectively, after this point, the temperature increases
as the disk thickness increases. This indicates that increasing

Fig. 11. Temperature distribution at the interface for di�erent posi-

tions of heat sources (Re� 1100, Tj � 348 K, b � 0:000125 m,

Hn � 0:0085 m, rn � 0:00085 m, constantan plate, q0 � 1:59 W).

Fig. 12. Local Nusselt number for di�erent heat sources position and

heat ¯ux (Re� 1100, Tj � 348 K, b � 0:000125 m, Hn � 0:0085 m,

rn � 0:00085 m, constantan plate, q0 � 1:59 W).
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the wafer thickness beyond a certain limit, depending on the
solid material, may not be useful. The choice of the wafer
material is however crucial in determining the magnitude of
this temperature. As expected, a material with larger thermal
conductivity will facilitate a faster rate of heat transfer, and
therefore will result in a lower maximum temperature at the
interface and inside the solid. The temperature di�erence at the
interface is an indication of the level of temperature non-uni-
formity at the impingement surface, while the maximum tem-
perature inside the solid indicates the thermal resistance
generated by the wafer material. When the disk thickness is
negligible, the interface temperature is controlled by the heat
¯ux condition at the heater. However, when an adequate
thickness is provided, the interface temperature becomes more
uniform because of radial spreading of heat within the solid.
The magnitude of maximum to minimum temperature di�er-
ence is strongly a�ected by the thermal conductivity of the disk
material, decreasing as the disk thermal conductivity increases.
The material with lower thermal conductivity results in higher
temperature at the interface and inside the solid.

The e�ect of disk thickness on average Nusselt number for
three di�erent materials can be observed in Fig. 10. It shows

how the average values of heat transfer coe�cient and Nusselt
number attain a peak around b � 0:00125 m. For b < 0:00125 m,
the average value of Nusselt number increases as the disk
thickness increases. On the other hand, for b > 0:00125 m, the
average value of Nusselt number slightly decreases as the disk
thickness increases. It may be noticed that constantan has a
higher value of average heat transfer coe�cient than copper or
silicon at all disk thicknesses. This is consistent with local
variations seen in Fig. 8. For b < 0:00125 m, the radial
spreading due to conduction increases as the disk thickness
increases and there is a better heat distribution at the interface,
this creates a better opportunity for the heat to be transferred
to the ¯uid. For b > 0:00125 m, the increment in the solid
thickness creates more thermal resistance, which ends up
crippling the heat transfer process.

In order to study how the position of the discrete heat
sources a�ects the heat transfer phenomenon, it was necessary
to input the same power dissipation in the system. For that
reason, for di�erent positions, the heat ¯ux varies as shown in
Fig. 2. The results for the temperature distribution at the in-
terface and local Nusselt number are presented in Figs. 11 and
12. It may be observed that the location of the heat sources
strongly a�ects the local variation of interface temperature and
heat transfer coe�cient. The magnitudes of the maximum
temperature, maximum-to-minimum temperature di�erence at
the interface, and average Nusselt number are also strongly
a�ected by the location of heat sources. Case (a) is just the
opposite of the base case in terms of heater location. For thin
disks, as the heat sources are moved closer to the stagnation
region, the average heat transfer coe�cient increases, pre-
senting maximum values for Case (a). Since no heat source is

Fig. 13. Isothermal lines within the disk for di�erent Reynolds number

(base case, Tj � 348 K, b � 0:005 m, Hn � 0:0085 m, rn � 0:00085 m,

copper plate, qw � 63 kW/m2).

Fig. 14. Isothermal lines within the disk for di�erent disk thickness

(base case, Re� 550, Tj � 348 K, Hn � 0:0085 m, rn � 0:00085 m,

copper plate, qw � 63 kW/m2).
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present at the exit edge of the disk, the maximum temperature
for Case (a) is also lower. This case provides much more
uniform temperature at the solid±¯uid interface compared to
the other two cases. Case (b) is somewhat similar to the base
case except that the central heater is removed and heat ¯ux at
the other two heaters is increased to provide the same total
power dissipation. It may be noticed that because of higher
heat ¯ux, Tmax increased. Case (b), presents the minimum
temperature at the interface because of the lack of heat source
under the impingement zone (stagnation point).

The temperature contours within the disk for di�erent
Reynolds number are presented in Fig. 13. The minimum
temperature occurs at the stagnation point, the maximum
temperature occurs across the disk at the largest radial loca-
tion. It is observed that the isothermal lines grow around the
heat sources in the lower part of the disk and matches with
isotherms concentric with the impingement location in the
upper part of the disk. The maximum-to-minimum tempera-
ture di�erence inside the disk remains almost constant (1.3±1.4
K). It is important to notice that Reynolds number does not
have a strong e�ect on the pattern of temperature distribution
inside the solid. It seems that this is more controlled by the
distribution of heat sources. On the other hand, the magnitude

of temperature within the solid is very strongly a�ected by
Reynolds number.

The e�ect of disk thickness on temperature distribution
within the solid is seen in Fig. 14. It can be observed that the
temperature becomes more uniform as the disk thickness is
increased. It is interesting to notice that when the disk thick-
ness is large, the temperature remains strati®ed over a part of
the disk. The isothermal lines start growing around the heat
sources and become parallel to the bottom of the disk indi-
cating an almost one-dimensional heat conduction. However,
in regions near the solid±¯uid interface, the isothermal lines
tend to be concentric around the stagnation point. The e�ect of
non-uniform heat transfer is felt only over a part of the disk.
When the disk thickness is small, the temperature contours
have entirely di�erent orientation because of strong radial
conduction over the entire disk thickness. The temperature
di�erence inside the solid remains almost constant, with a
value around 1.6 K.

Fig. 15 shows the temperature distribution inside the disk
for the three di�erent materials. For copper and silicon, the
temperature is more uniform and the maximum-to-minimum
temperature di�erence is smaller, 1.3 and 4.2 K respectively.
For constantan the maximum-to-minimum temperature dif-
ference is fairly large (18.2 K) because of much lower thermal
conductivity. The shapes of the isotherms are not signi®cantly
a�ected by thermal conductivity.

In order to compare a uniformly heated disk with a dis-
cretely heated one (base case), the total heat introduced was
uniformly distributed. The temperature at the interface
and local Nusselt number are shown in Figs. 16 and 17

Fig. 15. Isothermal lines within the disk for di�erent materials (base

case, Re� 550, Tj � 348 K, b � 0:005 m, Hn � 0:0085 m, rn � 0:00085

m, qw � 63 kW/m2).

Fig. 16. Temperature distribution at the interface for discrete (base

case) and uniform heat ¯ux distribution (Re� 550, Tj � 348 K,

b � 0:000125 m, Hn � 0:0085 m, rn � 0:00085 m, constantan plate,

q0 �1.59 W).
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respectively. It is noticed that a uniformly heated disk presents
a more uniform temperature and the maximum temperature
reached is lower. Since uniform and discrete heating had the
same rate of total heat transfer, the heat ¯ux at discrete heat
sources was higher. This resulted in higher local temperature
for the discrete source at the edge of the disk. The local Nusselt
number plot shows that the discrete heat sources attain higher
values due to the concentration of power; but as the ¯uid
moves downstream, there is only slight di�erence between the
two cases. The average Nusselt number for the discrete case is
higher.

4. Conclusions

A theoretical model of conjugate heat transfer process
where heat is transmitted through a solid body from discrete
heat sources located on one side to a ¯uid jet impinging on the
opposite side has been solved. The variation of ¯uid properties
with temperature has been taken into account. It was found
that the ®lm thickness decreases as the impingement velocity
increases. The heat transfer coe�cient as well as the Nusselt
number showed a strong dependence on the impingement ve-
locity, increasing their values as the velocity increased. The
temperature at the solid±¯uid interface decreased as the ve-
locity increased. The average Nusselt number increased with
Reynolds number. As the thickness of the disk was increased,
the heat transfer coe�cient and the Nusselt number presented
a thickness where they attained peak values, showing that
there is an ideal disk thickness for best performance. The

isothermal lines inside the solid showed that beyond a certain
thickness, the disk presented a one-dimensional heat conduc-
tion in regions away from the impingement plane and the
heated surface, and therefore discrete heat sources did not
exert much in¯uence on the convective heat transfer process.
Similarly, the maximum temperature as well as the di�erence
of maximum and minimum temperature at the interface was
strongly a�ected by the variation of disk thickness at smaller
thicknesses, but did not vary signi®cantly at larger thicknesses.
The thermal conductivity of the disk material strongly a�ected
the magnitude of maximum temperature in the solid, temper-
ature di�erence at the interface, heat transfer coe�cient, as
well as the Nusselt number. It was found that a lower thermal
conductivity in the solid results in slightly higher heat transfer
coe�cient, whereas a higher thermal conductivity material will
maintain the disk at a lower temperature. The location of the
discrete heat sources a�ected the temperature distribution
within the solid and consequently the average Nusselt number.
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